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Abstract. For any finite-dimensional algebra A over a field k with finite global dimen- 
sion, we investigate the root category TZa as the triangulated hull of the 2-periodic orbit 
category of A via the construction of B. Keller in "On triangulated orbit categories" . This 
is motivated by Ringel-Hall Lie algebras associated to 2-periodic triangulated categories. 
As an application, we study the Ringel-Hall Lie algebras for a class of finite-dimensional 
fc-algebras with global dimension 2, which turn out to give an alternative answer for a 
question of GIM Lie algebras by Slodowy in "Beyond Kac- Moody algebra, and inside". 



1. Introduction 

Root category was first introduced by D. Happel [8] for finite-dimensional hereditary 
algebra, which was used to characterize a bijection between the indecomposable objects of 
the root category for the path algebra of Dynkin type and the root system of corresponding 
complex simple Lie algebra. 

Let A be a finite-dimensional hereditary algebra over a field k. Let D^(mod^) be the 
derived category of finitely generated right A- modules. Then the root category TZa of A is 
defined to be the 2-periodic orbit category T)^{mod A)/T,^ , where S is the suspension func- 
tor. It was proved by Peng-Xiao [IT], the root category TZa is triangulated via the homo- 
topy category of 2-periodic complexes category of A-modules. With this triangle structure, 
Peng and Xiao [18j constructed a so called Ringel-Hall Lie algebra associated to each root 
category and realized all the symmetrizable Kac-Moody Lie algebras. In fact, Peng-Xiao's 
construction is valid for any Hom-finite 2-periodic triangulated category. In fT5], Lin-Peng 

realized the elliptic Lie algebras of type D^'^\ eI^'^\ E^^'^\ E^'^^ via the 2-periodic orbit 
categories (which are triangulated) of corresponding tubular algebras. However, in general, 
for arbitrary finite-dimensional /c-algebra A, the 2-periodic orbit category T)^{mod A)/Ti'^ 
is not triangulated with the inherited triangle structure from T>'' [mod A) (cf. section [33] 
or [11] ). Up to now, there are no suitable Hom-finite 2-periodic triangulated categories to 
realize the other elliptic Lie algebras via the Ringel-Hall Lie algebras approach. 

Let ^ be a finite-dimensional A;-algebra with finite global dimension. In [29], the authors 
propose to study the homotopy category IC2(V) of 2-periodic complexes category of finitely 
generated projective A-modules and give a geometric construction of a Lie algebra over 
C directly instead of over finite fields in [T2]. In this paper, we propose to study another 
2-periodic triangulated category TZa called the root category of A via Keller's construc- 
tion |11] . Then Peng-Xiao's construction [IS] gives a Lie algebra T-L{TZa) for arbitrary 
finite-dimensional A:-algebra A with finite global dimension. We remark that the root cat- 
egory TZa is invariant up to derived equivalence. Note that by the 2-universal property of 
root category, we have an embedding TZa ^ ^2(7')- When the algebra A is hereditary, 
TZa — K,2{T') — T>^{mod A) /Y? and coincides with the original definition of Happel. We 
also remark that by using TZa, one can easily construct 2-periodic triangulated categories 
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such that the Grothendieck groups of these categories characterize the root lattices for 
any elhptic Lie algebras (c/. section [3^2]) . This is one of the motivations to introduce the 
root category in this paper. The relation between the Ringel-Hall Lie algebras of these 
categories and the corresponding elliptic Lie algebras would be interesting to study in 
future. 

This paper is organized as follows: in section 2, for any finite-dimensional fc-algebra A of 
finite global dimension, we introduce the root category TZa and study its basic properties. 
It is Horn-finite 2-periodic triangulated category and admits AR-triangles. We also give 
an explicitly characterization of its Grothendieck group. In section 3, we study some 
motivating examples. In particular, we give a minimal example such that the 2-periodic 
orbit category is not triangulated with the inherited triangle structure. In section 4, we 
consider the root categories of representation-finite hereditary algebras, we show that such 
root categories characterize the algebras up to derived equivalence. In the last section, we 
study the Ringel-Hall Lie algebras of a class of finite-dimensional A;-algebras with global 
dimension 2, which turn out to give a negative answer for a question on GIM Lie algebra 
by Slodowy. Let us mention that different counterexamples have been discovered in [1] 
by using different approach. In the appendix, we discuss the universal property of root 
category and study recollement associated to root categories, which can be use to construct 
various examples inductively such that the 2-periodic orbit category is not triangulated 
with the inherited triangle structure from the bounded derived category. 

Throughout this paper, we fix a field k . All algebras are finite-dimensional fc-algebras 
with finite global dimension. All modules are right modules. Let C be a A;-category. For 
any X,Y £ C, we write C{X,Y) for h\omc{X,Y). For a subcategory in a triangulated 
category T, we denote by tria(A^) the thick subcategory of T contains Ai. 

Acknowledgments. I deeply thank my supervisor Liangang Peng for his guidance and 
generous patience. Many thanks go to Bernhard Keller for kindly answering to my various 
questions and for his encouragement. I would also like to thank Dong Yang for interesting 
and useful comments. 

2. ROOT CATEGORIES FOR FINITE-DIMENSIONAL ALGEBRAS 

2.1. 2-periodic orbit categories. Let A be a finite-dimensional fc-algebra of finite global 
dimension. Let P^(mod A) be the bounded derived category of finitely generated ^-modules 
and S the suspension functor. Consider the left total derived functor of A ^"^-module 

=? ®A ^^A : V\mod A) V\mod A), 
which is an equivalence. For all L,M in D^(mod A), the group 

p''(mod^)(L,s2"M) 
vanishes for all but finitely many n G Z. The 2-periodic orbit category 

V\mod A)/^'^ 

of A is defined as follows: 

o the objects are the same as those of 2?^(mod A); 

o if L and M are in P^(mod A) the space of morphisms is isomorphic to the space 

0p''(mod^)(L,s2"M). 

The composition of morphisms is obviously. Suppose that A is hereditary. Then the orbit 
category is called root category of A which was first introduced by D. Happel in [8]. 
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A Horn-finite /c-additive triangulated category V is called 2-periodic triangulated if: 
o = 1, where S is the suspension functor of T>; 

o the endomorphism ring End(X) for any indecomposable object X is a finite-dimensional 
local /c-algebra. 

In particular, the 2-periodic orbit category of a hereditary algebra A is 2-periodic trian- 
gulated with canonical triangle structure proved by Peng-Xiao [17J. However, this is not 
true in general. The first example is due to A.Neeman who considers the algebra A of 
dual numbers k[X]/{X'^). Then the 2-periodic orbit category of A is not triangulated (c/. 
section 3 of [llj). No example of algebra with finite global dimension seems to be known. 

2.2. Root category via Keller's construction. As shown by Keller in [11], if V^{mod A) 
is triangulated equivalent to the bounded derived category of a hereditary category, then 
the orbit category T)''{mod A)/T,'^ is triangulated. In general, the orbit category is not tri- 
angulated. But a triangulated hull was defined in [11] as the algebraic triangulated category 
TZa with the following universal properties: 

o There exists an algebraic triangulated functor vr : I)^{modA) — ?> TZa] 

o Let iS be a dg category and X an object of 'D{A°p ®B). If there exists an isomor- 

L 

phism in T>{A°^ ® B) between Ti A (^^a X and X, then the triangulated algebraic 

L 

functor ? ®A X : 2? (mod A) — V{B) factorizes through vr. 

Consider ^ as a dg algebra concentrated in degree 0. Let S be the dg algebra with 
underlying complex A © T,A, where the multiplication is that of the trivial extension: 

(a, b){a' , b') = {aa' , ah' + ba). 

Let be the derived category of S and 'D^{S) the bounded derived category, i.e. the 

full subcategory of T>(S) formed by the dg modules whose homolgy has finite total dimesion 
over k. Let per(5) be the perfect derived category of S, i.e. the smallest subcategory of 
T>{S) contains S and stable under shift, extensions and passage to direct factors. Clearly, the 
perfect derived category per(iS) is contained in V^{S). Denote hy p : S —> A the canonical 
projection. It induces a triangle functor : T>^{moAA) 'D^{S). By composition we 
obtain a functor 

TTA : V\mod A) V^S) V\S)/per{S). 

Let tria(p*A) be the thick subcategory of V^{S) generated by the image of p^A. By 
Theorem 2 of [llj, the triangulated hull of the orbit category ^^{moA A) /T? is the category 

71a = tria(p,(A))/per(5). 

Moreover, there is an embedding i : 'D^{mod A)/Ti^ ^< A >s /per(5). If i is dense, 
then we say that the 2-periodic orbit category P^(mod yl)/S^ is triangulated with inherited 
triangle structure of X'*(mod A). If A is an hereditary algebra, the embedding i is essentially 
an equivalence of triangulated categories 

P*(mod^)/s2 ^tria(p*(^))/per(5). 

Since 5 is a negative dg algebra. It is well-known that there is a canonical t-structure 
induced by homology over 1^(5). In particular, V- is the full subcategory of 
P(iS) whose objects are the dg modules X such that the homology groups H^{X) vanishes 
for all p > 0. Obviously, the t-structure restricts to the subcategory 'D^{S) of Ti{S). It 
is not hard to see that V^{S) = tria(p^,A). Then the root category TZa = V^{S)/ per 5 in 
this case. In the following, we call the triangulated hull TZa the root category of A and 
TTA '■ I'''(mod A) — > V^{S)/ per(5) = IZa the canonical functor. 
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Remark 2.1. One can also consider the construction for the orbit category P^(mod A) /S^^ 
which in fact the same as P^(mod Then one replaces the dg algebra S by S' = 
A © T,~^A. The root category defined as TZa = tria(p,,^)/ per 5'. 

2.3. Alternative description of TZa- There is another description of TZa in Let 
A be the dg category of bounded complexes of finitely generated projective ^-modules. 
Naturally, the tensor product of Yi^A define a dg functor from A to A. Then one can form 
the dg orbit category B as the dg category with the same objects of A and such that for 
any X^Y ^ B, we have 

B{x,Y) ^ 0^(x,s2"y). 

raGZ 

Now we have an equivalence of categories 

V\mod A)/T? ^n^iB). 

Let V{B) be the derived category of the dg category B. Let the ambient triangulated cate- 
gory M. be the triangulated subcategory of V{B) generated by the representable functors. 
Then theorem 2 of 111] implies that TZa — M.. 

Proposition 2.2. Let A be a finite- dimensional k-algebra of finite global dimension. Then 
the root category TZa is a Horn- finite 2-periodic triangulated category. 

Proof. The Hom-finiteness follows from the description of 7W, since the homomorphisms 
between representable functors of B are finite-dimensional over k. Consider the B ® B°^- 
module X : X{A, B) = B{A^ B) for any A,B B, it induces the identity functor 

1 : V{B) V{B). 

One can also consider the S (g) 5°*'-module Y{A, B) = T?B{A, B) for any A,B ^B. Clearly, 
the module Y induces the triangle functor 

S2 ■.V{B)^V{B). 

By the definition of the dg orbit category B^ we know that X is isomorphic to Y as 
B (8) ;B°^-modules, which will induce an invertible morphism : 1 ^ by Lemma 6.1 
of [To]. Thus, to show that TZa is 2-periodic triangulated category, it suffices to show 
that TZa is Krull-Schmidt category. It suffices to prove that each idempotent morphism of 
TZa is split, i.e. TZa is idempotent completed. Recall that TZa = M C T>{B) and T>{B) 
is idempotent complete since T^{B) admits arbitrary direct sums. Moreover, M is closed 
under direct summands in T>{B). Now the result follows from the well-known fact that if an 
additive category C is idempotent completed, then a full subcategory P of C is idempotent 
completed if and only if D is closed under direct summands. □ 

2.4. Serre functor over TZa- Keep the notations above. Let D = Homfc(?,A;) be the 
usual duality over k. The S (8>fc 5°P-module DS induces a triangle functor 

We have the following well-known fact(see e.g. lemma 1.2.1 of [2]). 
Lemma 2.3. There is a non- degenerate bilinear form 

ax,Y ■■ V{S) (X, Y) X V{S) {Y, X ®s DS) ^ k 
which is bifunctorial for X G per(5) and Y € T>^{S). 
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Proposition 2.4. The functor ? ®s DS restricts to auto- equivalences 

l^sDS: V\S) V^{S), l^sDS: per(5) ^ per(5). 

Proof. Since A has finite global dimension, we know that DA G per^. One can easily 
deduce that DS G periS. Similarly, we have S G tria(D5) C V^S). This particular implies 
that DS is a small generator of 'D{S). It is not hard to show that 

L 

Thus by Lemma 4.2 of [10], we infer that ? ($55 is an equivalence over D{S). Now 

L 

the functor ? ($55 restricts to per(5) follows from tria(Z)5) = per(5). Similarly, recall 

that we have tria(p*A) = 'D^{S) and ^ (8)5 L>5 = T^'^DA G Now again by the 

finite global dimension of A, we have A G tT\di{p^,{DA)) C V^^S). In particular, we have 

tn3{p^{DA)) = V^{S). Thus, ? 1)5 restricts to an equivalence 1 (^s DS : V^{S) 
V^{S). □ 

Before going to state the next result, we recall Amiot's construction [3J of bilinear form 
for quotient category. Let T be a triangulated category and A/" C T a thick subcategory 
of T- Assume v is an auto-equivalence of T such that C Af. Moreover we assume 

that there is a non degenerate bilinear form: 

(3n,x ■■ T{N, X) X T{X, uN) ^ k 

which is bifunctorial in G A/" and X G T. Let X, y G T. A morphism p : N ^ X \s 
called a local N -cover of X relative toYiiN is in and it induces an exact sequence: 

0^r(X,y) ^T{N,Y). 
The following theorem is due to Amiot [3j. 

Theorem 2.5. 1) The bilinear form (3 naturally induces a bilinear form: 

Px,Y ■■ T/M{X,Y) X r/AA(y, i/S-^X) ^ k 

which is also bifunctorial for X,Y G T/Af; 
2) Assume further T is Horn-finite. If there exists a local M-cover of X relative to 
Y and a local M -cover of uY relative to X, then the bilinear form y is non- 
degenerate. 

Recall that TZa = per(5). Now we have the following 

Proposition 2.6. 1) The bilinear form a induces a bifunctorial bilinear form a' : 

a'x^Y ■ T^AiX, Y) X TZAiY, S^^X ^5 DS) ^ k; 
2) The bilinear form a' is non- degenerate over TZa. 

Proof. The first statement follows form lemma [231 proposition l2.4l and theorem [23] directly. 

Let Pa = Tot( > S^^^ ^ E'^-^S > T.^S ^ J:S ^ S ^ ^ ■ ■ ■), i.e. Pa 'is 

the projective resolution of 5-module A. Then one can easily see that T>^{S){A, S^A) is 
finite dimension over k for any m G Z. In particular, we have 

V''{S){A,^'^"'A)^A and V\S){A,^'^"'+^ A) = 0, 

for m > and T>^{S){A,'E'^A) = for m < 0. Since p^,A generates the category 
V^{S), which implies that V^{S) is Hom-finite, i.e. for any X, y G V^{S), we have 
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dirrifc D''(iS)(X, y) < oo. Since the non-degeneracy is extension closed, it suffices to show 
that a'gn^ is non-degenerate. Equivalently, it suffices to show that a'^ ^^^^ is non- 
degenerate for any n € By Theorem 12.51 2). it suffices to show that there exists a local 

L 

per 5-cover of A relative to S"yl and a local per 5-cover of S" A relative to A ®s DS. For 
n < 0, since V^{S){A, TP A) = 0, one can take p : S ^ Ahe the local per 5 of A relative 
to 

Suppose that n > 0. Let 

:= Tot( ^ ^ S"5 ^ Ti'^^^S > TS ^ S ^ ^ ■ ■ ■ ). 

Clearly Pa,S"A S per 5. One can easily to see that p : Pa,T:"A ^ ^ is a local per5-cover of 

A relative to T,"-A. Note that A(E)s DS = T.~^DA. A local per5-cover of relative to 
T,~ DA is equivalent to a local per5-cover of A relative to T.-'"'-'^DA. If n > 0, one can 
easily show that 'D^{S){A, Ti~"'~^DA) = 0. Suppose that n < 0. One can show that 

^A,s-"-iDA := Tot( >0^ ^ S-"-^^ ^ >TS^S^O^---)^A 

is a local per5-cover of A relative to Ti^"^^DA. □ 

Theorem 2.7. The root category TZa admits Auslander-Reiten triangles. 

L 

Proof. By proposition 12.61 we know that S ? (8)5 DS is the Serre functor of TZa = 
T)^{S)/ per 5. Now the result follows form Reiten-Van den Bergh's result in |20) . □ 

2.5. The Grothendieck group of TZa- Suppose that the algebra A has n non-isomorphic 
simple modules, say Si, ■ ■ ■ .Sn and Pi, • • • ,Pn the corresponding projective covers. Since 
<S be the trivial extension of A with non-standard gradation, Si,-- - , Sn are also non- 
isomorphic simple modules for S. By the existence of t-structure over T>^{S), it is not hard 
to see that the Grothendieck group Gq{V^{S)) of V^{S) is isomorphic to Z[S'i] + • • • + Z[S'„]. 
Indeed, consider the inclusion algebra homomorphism i : A ^ S, which induces a triangle 
functor : V^{S) P^(mod A). Compose with the functor p^ : D^(mod A) the 
result follows from that Go(P*(mod ^)) = Z". 

We have the following exact sequence of triangulated categories 

perS^V\S) ^TZa, 

which induces an exact sequence of Grothendieck groups 

Go(per5) ^ Go{V''{S)) ^ Go{TZa) ^ 0. 

In particular, we have Go(7^a) — Go(T>'^{S))/ Imi^,. Let Pj = Pj © SPj. It is not hard 
to see that Pj are all the indecomposable projective objects in T^{S) up to shifts. Note 
that S is negative, as remark in [TU], each compact object is an extension of direct sum of 
S"Pj,n E Z. In particular, in the Grothendieck group Go(per5), for any X G per5, [X] is 
a finite sum of [Pi\,i = 1, • • • ,n. It is easy to see that i*([Pj]) = G Go{V^{S)). Thus, the 
image of i* is zero and the induced linear map (p '■ Go{T)^{S)) Go(7^a) is an isomorphism. 
Compose (/) with p* : Go(X'^(mod ^)) Go{V''{S)) induced by : V^{modA) V^{S), 
which is exactly the induced map vr^ : Go(^^''(mod A)) Go(TZa) by the canonical functor 
TTA '■ T>''{modA) — 7> TZa- In particular, vr^ is an linear isomorphism. 
Define the Euler bilinear form X7?.a(~i Go(7^yi) by 

XnAiX], [Y]) = dimkTZA{X,Y) - dim^ 7^A(X, SY) 
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for any X, y € TZa- Clearly, it is well-defined due to the 2-periodic property of TZa- Let 
Xa{—, —) be the Euler bilinear form over T)^{modA), i.e. 

Xa{[X], [Y]) = ^{-ly dimfc V\^^od A){X, S^Y) 
iez 

for any X,Y ^ 'D''(modA). Since Go(7^a) is generated by [7rA5'j],i = ,n, where Si 

are simple A-modules, we have xnAi['^ASi],[KASj]) = XAi[Si], [Sj]) for any 1 < i, j < n. 
Thus the symmetric bilinear form (— | — ) over Go(7?.yi) given by 

{[X]\[Y]) = xi[X],[Y]) + xm,[X]) 

is the same over Go(^5''(mod A)) via the isomorphism ir\. 
In particular, we have proved the following 

Proposition 2.8. The canonical functor tta '■ 'D^{modA) TZa induces an isometry 
tt\ : Go{'D^ [mod A)) — )• Go{TZa), i-e. a linear map such that XA{x,y) = xilAi'^^A^^'^AV) f^''^ 
any x,y £ Go(X'^(mod ^4)). 

Remark 2.9. If A is finite- dimensional hereditary k-algebra. We have TZa — I^*(mod AJ/T,"^, 
this shows that Go{V'>{mod)/T,^) = Go{V^ {mod A)) . Let vr : D''(mod^) TZa which is 
dense in this case. Let Go{TZa) be the Grothendieck group of TZa induced by the triangles 
of image vr. We have Go{TZa) = Go{TZa)- 

Let cn^ be the automorphism of Go{TZa) induced by the Auslander-Reiten translation 
of TZa- Let ca be the automorphism of Go{V'' {mod A)) induced by the AR translation of 
P''(mod A). 

Proposition 2.10. ca identifies with ctz^ via the isomorphism vr^ : Go(X'^(mod ^)) — > 
Go{TZa). 

Proof. Let Pi, i = ,n be the non-isomorphic indecomposable projective modules of 

A. Since A has finite global dimension, we know that [Pi], i = 1, ■ ■ ■ ,n also form a basis 
of Go{T>'^{mod A)). Via the isomorphism vr^, [tta-Pi] is also a basis of Go(7^a)- Thus, it 
suffices to show that CTi^{TTAPi) coincides with Tr\cA{Pi), i = 1, ■ ■ ■ ,n. By the definition 
of c-jia a-iid CA, we have 

ca{[P,]) = [^-^Pi DA], cnAi^APi]) = [^~''P^ DS], 

One can easily check that [T.-^Pi (E)a DA] = [S^^Pi (g)s DS] in Go{TZa). □ 

3. Motivating Examples 

3.1. 14 exceptional unimodular singularities. Inspired by the theory that the univer- 
sal deformation and simultaneous resolution of a simple singularity are described by the 
corresponding simple Lie algebras [5], K. Saito associated in [21], a generalization of root 
system to any regular weight systems [22], and asks to construct a suitable Lie theory in 
order to reconstruct the primitive forms for the singularities. This is well-done for sim- 
ple singularities and simple elliptic singularities. But, in general, it is not clear how to 
construct a suitable Lie theory even for 14 exceptional unimodular singularities. 

Based on the duality theory of the weight systems [23] and the homological mirror sym- 
metry, Kajiura-Saito-Takahashi [12] (Takahashi [27]) propose to study the triangulated 
category HMF^ {fw) of matrix factorizations of the homogenous polynomial fw associ- 
ated to a simple singularity W , then the root system appears as the set of the isomorphism 
classes of the exceptional objects via the Grothendieck group of the triangulated category. 
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This approach has been generahzed to the case of regular weight systems with smallest 
exponent e = —1 in [13] which includes the 14 exceptional unimodular singularities. In |12) . 
the authors show that the category H M F^^ {fw) is triangulated equivalent to the bounded 
derived category of finitely generated modules over the path algebra of the corresponding 
ADE-iy^e. In [13], they show that the category HMF^^fw) is triangulated equivalent 
to the bounded derived category of finitely generated modules of certain finite-dimensional 
algebras A^. Moreover, the Grothendieck groups of these triangulated categories charac- 
terize the strange duality for the 14 exceptional unimodular singularities. In his survey 
article [24j, K. Saito proposes three methods to construct Lie algebras for each exceptional 
singularity and asks which Lie algebra satisfies some extra requirements, for more details 
see |24j: 

i) the Lie algebra defined by the Chevalley generators and generalized Serre relations 
for the Cartan matrix associated to algebra Aw', 

ii) the Lie subalgebra comes form vertex operator algebra for the Grothendieck group 
Ko{V\moAAw)); 

iii) the algebra constructed by Ringel-Hall construction for the derived category of 
^^(mod Aw). 

We remark that for the simple singularities which are self-dual, if one consider the Lie 
algebra iii) in the sense of Peng- Xiao [18j for the root category, then these three Lie algebras 
are isomorphic to each other. For the case of e = — 1, we remark that the algebra Aw has 
global dimension 2 and it is not derived equivalent to any hereditary category. It is not 
clear that whether the 2-periodic orbit category {mod Aw) /'^'^ is triangulated or not. 
Now the root category TZAy^ seems to be a suitable consideration for the Lie algebra iii). 
Then Peng-Xiao's Theorem [TH](see also [30J ) implies that there is a Lie algebra 'H{TZaw) 
associated with TZa^- We remark that we do not know whether the Grothendieck group 
of TZa is proper or not. In this case, the automorphism c-ji^^ has finite order hw, where 
hw is the order of the Milnor monodromy of the corresponding singularity W . 

3.2. An algebra of global dimension 2. Let Q be the following quiver 

Oil Pi 

3d^2::;^i. 

Let / be the ideal generated by the relations /3i o Oi = 0. Let A = kQ/I be the quotient 
algebra. The global dimension of A is 2. Let Si,i = 1,2,3, be the non-isomorphic simple 
modules of A. Consider the Euler symmetric bilinear form of Go(7^a) given by 

{[X]\[Y]) = x{X,Y) + x{Y,X), 

for any X,Y e TZa- One can check that ([5i]l[52]) = -2, ([5i]|[53]) = 2, ([Szlli^g]) = -2. 
The bilinear form {—\—)go{11a) degenerate over Go{TZa), one extends Go{TZa) to C such 
that the bilinear form {—\—)c over C is non-degenerate, i.e. the restriction {—\—)c\go{Ha) 
coincides with (-|-)go(Ka)- 

Let Vc be the lattice vertex operator algebra associated to C If we consider the Lie 
algebra qa generated by the vertex operators e^I"^'' in the Lie algebra Vl/DVl, where D 
is the derivative operator, then qa is isomorphic to the elliptic algebra [31] of type ^4^^'^^ 
and also isomorphic to the toroidal algebra ^9] of s[2. 

Now consider the root category TZa of A, there is a Lie algebra 7^(7^^) (Ringel-Hall Lie 
algebra) associated with TZa- We would like to know what is the relation between Ti{TZA) 
and the elliptic algebra A^-^'^^l At this moment, we can only show that nps^j, ^t[S2] ) ''^[Ss] 
satisfy the GIM Lie algebra relations [26]. 
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We also remark that up to now, there is not any triangulated category to realize the 
elliptic algebras of type A and D(except for D^'^'^) via the approach of Ringel-Hall Lie 
algebras. Similar to the above example, by triangular extension of algebras, for any elliptic 
Lie algebra, one can construct a 2-periodic triangulated category (possibly not unique) 
such that the Grothendieck group with the symmetric Euler bilinear form characterizes 
the root lattice for the corresponding elliptic Lie algebra. 

3.3. A minimal example. Let Q be the following quiver with relation 

a 

where (3 o a = 0. Let A be the quotient algebra of path algebra kQ by the ideal generated 
by f3oa. Then A is representation-finite and has global dimension 2. Let P^(mod A) be the 
bounded derived category of finitely generated right vl-modules. Let A be the dg enhance 
of V'^^modA), i.e. the dg category of bounded complexes of finite generated projective 
yl-modules. Let Tj^ : A ^ A he the dg enhance of the square of suspension functor of 
P^(mod^). Let B be the dg orbit category of A respect to TF'{cf. section 12. 3p . The 
canonical dg functor i: : A^ B yields a B w4°^-module 



{B,A) B{B,ttA), 



which induce the standard functors 



V{A) 



\V{B) 



Note that TZa is the triangulated subcategory of V{B) generated by the representable 
functors. We also have a triangle equivalence F : D(Mocl A) — > 'D(A). Now the composition 

P^(mod A) ^ V{Mod A) A V{A) ^ V{B) 
gives the canonical functor vr* : P^(mod A) TZa- 

Proposition 3.1. The canonical function vr^, : P''(mod^) — t- TZa is not dense. 

Proof. We will construct an object in TZa which is not in the image of vr*. Let Si,i = 1,2 
be the simple A- modules associated to the vertices i and Pi, i = 1,2 he the corresponding 



indecomposable projective modules. Let / : P2 
P2. Let X be the complex • • • ^ — > P2 ^ 



the 0-th component. Let Y be the complex • • • — > ^ 



Pi he the embedding and 7 : Pi ^ Si 

(0,0* 



Pi -> • • • , where Pi © P2 is in 



-P2 ^ -P2 ^ • • • , where the left 
P2 is in the 0-th component. Let / G Hom-pb(modA)(^'^) g G Hom2)6(modyl)(^; ^^^) 
be the followings 







P2 



Pi ©p 



(0,/)* 



(7,1)' 



P9 



Pi 



P-? 







(/,o) (0,/)* 
P2 — - Pi © P2 Pi 
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Consider the mapping cone of 7r*(/+g') in TZa, we claim that the mapping cone of T^*{f +g) 
is not in the image of tt*. Consider the triangle 

Applying the functor vTp, we get a triangle in X'(Mod^) 



7rp7r*(X) 



7rp7r*(/+s) 



Note that for any X G ©''mod A, we have VTp 7r*(X) = ©jg^S^^X. Thus, TTpZ is isomorphic 
to the mapping cone of the following chain map of complexes 





1 



■ Pi © Pi 





1 



(7,1)' 



)P2- 

(7,1)' 





1 



Pi ©P2 



Pi 



(7,1)' 



>P2- 
(7,1)* 



In particular, the mapping cone is 

/ 



Pi 



\ 

-7 
-1 -/ 

P2 >P2 



/ \ 

-7 

1^-1 -I J 

^P2- " ^ 



Let h : Pi 
check that 



Si ^ Pi, consider the complex P : 



P2©Pl 

Pi P 



P2 

h 



( 



-7 
-1 



P2 © Pi © P2 



\ 

y 



/ 



\ 




-1 ~l 



(-',1,0)' 



P2 © Pi © Pi 



(-',1,0)' 



(-',1,0)' 



one can 



^ Pi ^ Pi > Pi 

is a quasi- isomorphism. In particular, vr^Z is isomorphic to P in 2? (Mod ^4). If there exists 
U G D*(modyl) such that tt^{U) = Z, then tt^Z = ©jg^S^*?/. But one can easily show 
that P is indecomposable in T>[Mod A). This completes the proof. □ 

The above example implies that in general the orbit category P^(mod A) jY? is not trian- 
gulated even with small global dimension. In the appendix, we propose a way to construct 
various examples from a known one by using recollement associates to root categories. It 
would be interesting to konw that whether one can give an example without oriented cy- 
cles such that the orbit category P''(mod A)IY? is not triangulated with inherited triangle 
structure. 



4. The ADE root categories 

In this section, we focus on the root categories of finite-dimensional hereditary algebras 
of Dynkin type. We will show that such root categories characterize the algebras up to 
derived equivalence. 
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4.1. Separation of AR-components. Let A be a finite dimensional A;-algebra with finite 
global dimension. Let tta '■ I'^(mod^) — > TZa be the canonical triangle functor. By theo- 
rem [2]71 we know that TZa has Serre functor, equivalently, Auslander-Reiten triangles(AR- 
triangles). When tta is dense, it is quite easy to show that tta preserves the AR-triangles, 
i.e. each AR-triangle of TZa comes from an AR-triangle of P^(mod^) via the canonical 
functor TTA- 111 particular, the AR-quiver of T)^{modA) determines the AR-quiver of TZa- 
In general, we have the following 

Theorem 4.1. Let A be a finite- dimensional k-algebra with finite global dimension and 
TTA '■ T^^{modA) — )■ TZa the canonical functor. Then the functor tta maps AR-triangles of 
T>^{modA) to AR-triangles of TZa- As a consequence, there is no irreducible morphism 
between im tta CLnd TZa\ im vr^. 

Proof. Recall that for arbitrary objects X,Y £ P''(mod A), we have canonical isomorphism 
TZA{TrA{X),TTA{Y)) ^ V\mod A){^^'X, Y), 

i&Z 

and D^(modyl)(S2*A,y) vanishes for all but finitely many i. Let S and S be the Serre 
functors of T?''{modA) and TZa respectively. Firstly, we show that ttaS{X) = Stta{X) for 
any indecomposable object X G T)^{modA). Consider the functor Z?7^^(?, 7rA5'(A)) over 
TZa, where D = Horrid (?,/c) is the usual duality of k. We have the following canonical 
isomorphism 

DTZA{7TAX,TTASiX)) ^ D{^V\modA){J:^'X,S{X))) 

^ 0P^(mod^)(A,s2^A) 
= TZa{ttaX,ttaX) 

The indecomposable property implies that TZa{ttaX,ttaX) is a local A;-algebra. Let r] € 
DTZa{ttaX,ttaS{X)) be the image of Ivr^x € TZa{ttaX,ttaX) via the canonical isomor- 
phism. Let 7]* : TZa{t^aX,7) DTZaO ,t^aS{X)) be the natural transformation corre- 
sponding to rj. It is clear that ?/*|im7rA is an isomorphism. Since TZa is the triangulated hull 
of irnvTA, one deduces that r]* is an isomorphism over TZa- In particular, Z)7^^(?, 7r^5(A)) 
is represent able. On the other hand, the Serre functor S implies DTZAi'^ -, SttaX) is also 
represented by TZa{t^aX -,'!). Thus, we have ttaS{X) = SttaX. 

Let E-^S'A A y 4 A 4 S{X) be an AR-triangle of V^{modA). Let tta{T.-^SX) 4 
W ttaX ttaS{X) be the AR-triangle in TZa. Clearly, 7r^(/) is not a split monomor- 
phism. Thus, by the definition of AR-triangle, there is a morphism t : W ^ t^aY such 
that TTAif) = t ou. Namely, we have the following commutative diagram of triangles 

tta{^'^SX) ^ W ^ vtaA — ^ TTASiX) 



■KA{h) 



tta{T.-^SX) tta{Y) ttaX -^'ttaS{X) 

We claim that s is an isomorphism. Suppose not, then s is nilpotent by the indecomposable 
of X. Then TTA{h) o s = fohows form that E'^SX A F 4 A S{X) is an AR-triangle, 
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which imphes v = 0, contradiction. Thus, t is isomorphism. In particular, the image of 

^-^SX 4 y 4 X S{X) is indeed an AR-triangle of TZa- 

Now one can easily deduce that there is no irreducible morphism between irnvr^ and 
TIa\ im vr^, which completes the proof. □ 

Remark 4.2. Theorem \4-l\ has been proved for the generalized cluster category in [3] by 
using different approach. We remark that one can adapt a variant proof to deduce the 
result for generalized cluster category. Indeed, by the 2-Calabi-Yau property of generalized 
cluster category, one can deduce that the Serre functor of the derived category coincides 
with the Serre functor of the generalized cluster category on the objects. Then one shows 
that the functor tta preserves AR-triangles. By the universal property of root category, the 
Serre functor S : T>^{mod A) — )• ^^(mod A) will induce a functor S : TZa — >■ TZa- It would 
be interesting to compare it with the Serre functor S. 

4.2. The ADE root categories. Let A and B be finite-dimensional /c-algebras with finite 
global dimension. If A and B are derived equivalent, it is clear that TZa — TZb- It would 
be interesting to characterize all the algebras which have the same root category up to 
triangle equivanlence. In general, this question seems to be very hard. In the following we 
will characterize the algebras share the root category with a path algebra of Dynkin quiver. 
Since the derived category of Dynkin quiver is not dependent on the choice of orientation, 
we assume Q be the following quiver for simplicity. 




3 
I 

Ee : 1 ^ 2 ^ 4 ^ 5 ^ 6 

3 

\ 

Ej : 1 ^ 2 ^ 4 ^ 5 ^ 6 ^ 7 

3 
I 

Es : 1 ^ 2 ^ 4 ^ 5 ^ 6 ^ 7 ^ 8 



Theorem 4.3. Let A be a finite- dimensional k-algebra with finite global dimension. If the 
root category TZa — TZ^q for some Dykin quiver Q, then A is derived equivalent to kQ. 

Proof. Since Q is finite Dykin quiver, the AR-quiver of D^(mod kQ) is connected. The 
canonical functor vTjtQ : 2?^ (mod kQ) — t- TZkQ is dense, which implies that the AR-quiver of 
TZkQ is connected. By theorem 14. H we inform that the functor tta '■ T>'^{rT\odA) — )■ TZa is 
dense. In particular, any X € TZa has preimage in P''(mod A). Let Pj, i = 1, • • ■ , n be the 
indecomposable projective feQ-modules. It is clear that 



dimkTZkQ{TrkQPi,TTkQPj) < 1 for i < j and TZkQ{'irkQPi,7i:kQPj) = for i > j. 
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Let F : TZkQ — > TIa be the triangle equivalent functor. We claim that there is an object 
M = Ml e • • • e M„ in D^(mod A) such that 

t^a{M) = F{TTkQikQ))and V\mod A){M, T.^M) = for t 7^ 0. 

Let {T?"^ Xi\r G Z} be the preimages of F{'Kj^Q{Pi)) in ^^(mod A). Let us prove this claim 
for case Q = An, the other cases are similar. Note that n is a sink vertex, we can choose 
M„ = Xn- Since 7?.A(i^(7rfcQ(P„_i)), F(7rfcQ(P„))) = k, there is a unique r„_i G Z such that 
V^{moAA){T?^^-^Xn-i,Mn) = k and ©^(mod X„) = for t / r„_i. We can 

take Mn~i = Replace Mn by M^-i, one can construct M„_2 uniquely. For 

any nonzero / : M„_2 — > Mn-i,g ■ Mn-i — )• M„,the composition g o / ^ 0. Inductively, 
one can construct Mj for any i = 1, • • • ,n. Clearly, we have ita{M) = F{'KkQkQ) and 
V\modA){M,T?''M) = for r / 0. P''(mod ^)(M, S^'^+^M) = 0,r G Z follows from 
TZj^Q^TTf^qkQjYlTrj^QkQ) = 0. In particular, M is a (partial) tilting complex of D^(mod^). 
We have V^imodkQ) = ^^(mod Endpi,(^od A) W) - tria(M), where tria(M) is the thick 
subcategory of P''(mod^) contains M. If we can show that tria(M) = 2?''(mod^), then 
we are done. Let i : 2?^(mod kQ) ^ tria(M) ^ ^'''(mod A) be the composition. By the 
universal property of root category, we have the following commutative diagram 

P^(mod fcQ)^^ V\mod A) 



T^kQ ^ ^ TIa 

where i is induced by the full embedding i. It is clear that i is also full and faithful, thus 
an equivalence, which implies i is dense and an equivalence. □ 

4.3. Tame quiver of type D and E. Assume Q be the following quiver 

2 n - 1 

\ \ 
Dn ■■ 1 ^ 3 ^ ^ n - 2 ^ n ^ n + 1 

3 

4 

Er : 1 ^ 2 ^ 5 ^ 6 ^ 7 



4 

£^7 : 1 ^ 2 ^ 3 ^ 5 ^ 6 ^ 7 ^ 8 

3 

Es : 1 ^ 2 ^ 4 ^ 5 ^ 6 ^ 7 ^ 8 ^ 9 

The theorem 14.31 also holds for tame quiver of type D and E. One can adapt a variant 
proof of theorem 14. 3i 

Proposition 4.4. Let A he a finite dimensional k-algebra with finite global dimension. 
If the root category TZa — "R-kQ for some tame quiver Q of type DE, then A is derived 
equivalent to kQ. 
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Proof. It suffices to prove this proposition for Q be the above quiver. Clearly the canonical 
functor TTfcQ : P''(mod kQ) — )• TZkQ is dense. In this case, T>^{mod kQ) is the union of pre- 
projective component, preinjective component and tubes up to shift. If the image mi: a 
intersects with preprojective (resp. preinjective) component nonempty, by theorem 14. H 
every object in this component belongs to im-Tr^. Then one can adapt the proof of the- 
orem |T3l Now suppose that irnvr^ intersects with both preprojective and preinjective 
component empty. Let T be the union of /cQ-modules in the tubes. It is clear that T is 
a hereditary abelian subcategory of /cQ-modules. By theorem 9.1 of |11] . we know that 
'D^{T)/T? is triangulated and we have the following commutative diagram 



V^{TY V\mo6 kQ) 

TT ffeQ 

V\T)/T? TZkQ 



where i is induced by i. In particular, we know that i is a full embedding. Now imvr^ C 
T U ST implies that im vr^ C V^{T)/T?, which contradicts to tria(im vr^) = Ua- □ 



5. Ringel-Hall Lie algebras and GIM Lie algebras 

Throughout this section, let /c be a field with = q. We study the Ringel-Hall Lie 
algebras of a class of finite-dimensional /c-algebras with global dimension 2. Building on 
the representation theory of these algebras, we will give a negative answer for a question 
on GIM-Lie algebras by Slodowy in [26j. We remark that different counterexamples of 
this question have been discovered by Alpen [1] by considering fixed point subalgebras of 
certain Lie algebras. 



5.1. Generalized intersection matrix Lie algebras. We recall the generalized inter- 
section matrix Lie algebra (GIM-Lie algebra for short) following Slodowy [2fi]. A matrix 
A £ Mi(Z) is called a generalized intersection matrix, or GIM for short, if the followings 
are satisfied 

Aij < <;=^ Aji < 
Aij > <;=^ Aji > 

If moreover A is symmetric, then A is called an intersection matrix. Given a GIM A G 
Mi{Z), a root basis associated to ^ is a triplet {H, V, A) consisting of 

o a finite dimensional Q- vector space H; 

o a family V = {a^, ■ ■ ■ , a'f}, where E H; 

o a family A= {ai, • • • , a/}, where G H* = HomQ)(ff, Q) 

satisfy the following 

1) both sets A and V are linearly independent; 

2) aj(a>') = Aij for ah l<i,j <l; 

3) dimQ H = 21 — rank A. 
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The GIM-Lie algebra q = GIM{A) attached to the root basis (H, V, A) is given by the 
generators i) = H C and e±a,a GA satisfying the following relations: 

(1) [h,h']=0,h,h' £[) 

(2) [h, Cq] = a{h)ea,h G f), a G ± A 

(3) [cq, e_ci,] = a^, a GA 

(4) ad(e„)'""^'(i'i-'^("''»e^ = 0, a G A, /3 G ± A 

(5) ad(e_a)''"''^(i'i-''(-"''))e/3 = 0, a G A, /? G ± A . 

If ^ is a symmetrizable generalized Cartan matrix, then the GIM{A) is essentially the 
Kac-Moody algebras associated to {H, V, A). 

Let ad : Q End(g) be the adjoint representation of g. Consider the restriction of ad to 
i), the Lie algebra g decomposes into a direct sum 

S= 007 

76f)* 

of eigenspaces 

= {x G 0|[/i, x] = 7(/i)x for ah h G i)}. 

Clearly, we have i) Q Qo- The following question has been addressed in ^26j by Slodowy: 
Does equality hold? 

If we consider the derived subalgebra [g, g] of g, the above question is equivalent to the 
following: Do we have dimc[g, g]o = ^? We remark that the derived subalgebra [g, g] can be 
presented by generators ,1 < i < I and Cq,, a G =b A with the same relations in g. In [1], 
Alpen has given a negative answer for this question by using Lie theory. In the following, 
we will give a negative answer for this question via representation-theoretic approach. 

5.2. The Ringel— Hall Lie algebra. We recall the definition of the Ringel-Hall Lie al- 
gebra of a 2-periodic triangulated category following [18]. Let 7^ be a Hom-finite /c-linear 
triangulated category with suspension functor S. By indT^ we denote a set of representa- 
tives of the isoclasses of all indecomposable objects in TZ. 
Given any objects X, Y, L in TZ, we define 

WiX, Y; L) = {(/, g, h) G Hom7^(X, L) x Hom7^(L, Y) x Homn{Y, SX) | 

X U L ^Y \ y.X is a triangle}. 

The action of Aut(X) x Aut(y) on W{X,Y; L) induces the orbit space 

V{X,Y-L) = {{f,g,h)''\{f,g,h) G W{X,Y-L)} 

where 

= {{af,gc-\ch{i:a)-^)\{a,c) G Aut{X) x Aut(y)}. 

Let Hom7^(X, L)y be the subset of Hom7^(X, L) consisting of morphisms I : X ^ L whose 
mapping cone Cone{l) is isomorphic to Y . Consider the action of the group Aut(X) on 
Hom-ji{X,L)Y hy d • I = dl, the orbit is denoted by /* and the orbit space is denoted by 
Hom'ji{X, L)y- Dually one can also consider the subset Hom7^(L, Y)-£x of Hom-ji^L, Y) with 
the group action Aut(y) and the orbit space Hoir\Ti{L,Y)'^j^ . The following proposition is 
an observation due to [28j. 



Lemma 5.1. \V{X,Y;L)\ 



Hom7^(L,y) 
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We assume further that TZ is 2-periodic, i.e. TZ is Krull-Schmidt and = 1. 

Let Go{TZ) be the Grothendieck group of TZ and the symmetric Euler form 

of TZ. For an object M of TZ, we denote by [M] the isoclass of M and by Hm = dim M 
the canonical image of [M] in Go (7^). Let t} be the subgroup of Go(7^) (^z Q generated by 
-J^^,M G indT^, where (i(M) = dim^ ( End (X)/ra(i End (X)). One can naturahy extend the 
symmetric Euler form to f) x f). Let n be the free abelian group with basis {tix|X G ind TZ}. 
Let 

g(7^) = f)en, 

a direct sum of Z-modules. Consider the quotient group 

5(^)(g-i) = 0(^)/(g - 1)0(7^)- 

Let F^^ = \V{X,Y;L)\. Then by Peng and Xiao [IB] we know that 0('7^)(q-i) is a Lie 
algebra over Z/{q — 1)Z, called the Ringel-Hall Lie algebra of TZ. The Lie operation is 
defined as follows. 

(1) for any indecomposable objects X,Y £ TZ, 

[ux,uy] = Yl ^^Yx - Fxy)ul - 5x,sy 
where sy = 1 for X = Sy and else. 

(2) hi)]=o: 

(3) for any objects X,Y £ TZ with Y indecomposable, 

[hx,UY] = In{hx , hY)uY , [uY,hx] = -[hx,UY]. 

A triangulated category T is called proper, if for any nonzero indecomposable object X G T, 
dimX 7^ in the Grothendieck group Go(T). If the 2-periodic triangulated category TZ 
is proper, then [ux,uj]x] = ~'3JY)' '^hich coincides the origin definition in [18]. However, 
the proof in |18j is still valid for non-proper 2-periodic triangulated category for the Lie 
bracket defined above (c/. [29]). 

5.3. A class of finite-dimensional fc-algebras. Let Q be the following quiver 



a 

n ^ n — 1 •<■ 2 — 1 ^ n + 1 ■>- o ^ n + m 

We assume m > l,n > 2. Let A be the quotient algebra of path algebra kQ by the ideal 
generated hy (3 o a,^ o a. It has global dimension 2. 

Let E he a. field extension of k and set = V ®k E for any A;-space V . Then is 
an £'-algebra and, for M G mod A, has a canonical A^-module structure. Clearly, 
A^ still has global dimension 2. Let TZj^e be the root category of A^. Thus, one has the 
Ringel-Hall Lie algebra q{TZj^e)qe\-i)j which is a Lie algebra over Z/{\E\ — 1)Z. 

Let k be the algebraic closure of k and set 

= {E\k ^ E (Ik is a finite field extension}. 

We consider the direct product Il^BGn 0(^A^)(|£;|~i) of Lie algebras and let Cq{TZa) be 
the Lie subalgebra of Hsen 0(^As)(|£'|_i) generated by M5- = {ugE)EGn and uj^Si = 
{uY;sE)E£n for all simple ^-modules Si,0 < i < m + n. Clearly, hi = (/iqb)^;^^, < 
i < n + m belong to Cq{TZa). We call Cq{TZa) the integral Ringel-Hall Lie algebra of 



ON ROOT CATEGORIES OF FINITE-DIMENSIONAL ALGEBRAS 



17 



A. Clearly, the algebra Cg{TlA) has a grading by the Grothendieck group Go(7^a) of TZa, 
namely, 

aeGo(7^A) 

such that degns- = dim Si,deR(uy,s,) = dim In particular, hi G Cq{TZa)o- 

Let (— , — ) be the symmetric Euler form of TZa {cf. section [23]) . Then image of simple 
A-modules [S'j],0 < i < n + m form a Z-basis of Go(JZa)- Define the matrix C = (cij), 
~ (['S'i]) [Sj]) for < i,j < n + m. One can easily show that C is an intersection matrix. 
Let {H, V, a) be a root basis of C. Thus one can form the GIM Lie algebra q{C) = GIM{C) 
associated to C. We are interested in its derived subalgebra q{C)' = [q{C),q{C)]. 
Theorem 5.2. There is a surjective Lie algebra homomorphism (p : q{C)' Cq{TZa)'Sz'C 
defined by 

^ hi, 
^ us, 

e-a, ^ -UT,Si ,0 <i <n + m. 

Moreover, (j) keeps the gradations anc/ dimc(i2g(7^yi) (8)zC)o > m + n + 2. As a consequence, 
we infer that dime 0(C)q > m + n + 2. 

The proof of this theorem carries throughout the rest of this section. 

Lemma 5.3. Let M be the unique indecomposable A-module with composition series 

So,Si,S2,Sn+i- Then um = {ume)e£Q. G Cq{TZa) and / [um,uj]m] where ^ 

is the subspace of Cq{TZa) spanned by hi,0 < i < n + m. 

Proof. One can easily check that Uj^^je = [[[ugE ,UgE],UgE],UgE ] by using lemma [5TT] for 
any E £ Q. Thus, both um,uy;m belong to Cq{TZa)- Let Pi be the indecomposable pro- 
jective A-modules associated to each vertex i. Let Pq ^ Pi ^ P2 (B Pn+i M ^ 
be the projective cover of M. We infer that HorriT^^ (M,M) = Hompi,(n,oj^)(M, M) © 

Hom-pb(^odA)(^>S^^)- Moreover, dimfc HoniT^^ (M, M) = 2 and dim^ rad HoniTj^ (M, M) = 
1. 

Now consider triangles in TZa 

M ^ L^ T.M A SM and SAf ^ iV ^ M 4 S^M, 

we can write/ = /0+/1, where /o G Hom-pti^^^^ a){^M,^M) and /i G Hom-pb(mod A)(S^> 5]3m). 
If /o 7^ 0, then / is an isomorphism and L = 0. Thus, it suffices to consider for /o = 0, i.e. 

/ / G rad Hom7^^(M, M), and then the triangle M ^ L ^ T.M A SM is induced by a 
triangle in P''(mod A). By computing the mapping cone of / in D''(mod A), we infer that 

(f I) 

L isomorphic to the complex ■ ■ ■ ^ ^ Pq M ® Pi P2 © -P3 • • • , where P2 © P3 
is in the —1-th component. We claim that L is indecomposable in D^(mod^). Indeed, 
suppose L ^ X © y in V^modA). Then H*{L) ^ H*{X) © H*{Y), where H*{-) be 
the homology groups of corresponding complex. Now the only nonzero homology groups 
of L are H^^(L) = H^^{L) = M, which are indecomposable j4- modules. Thus, we may 
assume X ^ S^M and Y ^ SAf. Now in the root category TZa, we have S^Af ^ M. 

In particular, we get a triangle Af — )■ Af © SAf SAT — > SAf . By a well-known fact, 
the triangle is split and / = 0, contradiction. Since dim/; rad HoniTj^ (Af, Af ) = 1, for any 
/, /i G rad Hom7^^(Af, AT), the mapping of / and h are isomorphic to each other. 

Similarly, one can discuss for g and show that N is indecomposable if and only if 7^ 
g G Hom-p6(^Qj^)(Af, S^Af). In this case, we have = S^^L. Now by the definition of 
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the Lie bracket, we have 

[um,uj]m] = -hu + ^ {Ft.m,m ~ ^m,t.m)'^l 

Lgind TIa 

= -hM + Ft.mm'^^ ~ Fm,t,mUj^-^l 

One can show that dinifc Hom7j^(M, L) = 1. Therefore, by lemma we have Fj]m M ~ 

-^M,SM = 1- In particular, we have [um,uj:m] = — /iM+^^L— 'USL in g(7^A)(g-i)- We remark 
that the proof above is valid for any finite field extension of k. Thus, in the integral Ringel- 
Hall Lie algebra Cq{71a), we also have [um,usm] = —hM + ul — uj^l, which implies the 
desired result. □ 

Now we are in a position to prove the theorem 15.21 

Proof. The relations (1)(2)(3) follows from the definition of Lie bracket of Ringel-Hall Lie 
algebra. It suffices to show u^. , uss^. , < i,j < m + n satisfy the relations (4) and (5). We 
discuss for z, j in 4 cases. 

Case 1: i,j G {0, 1}. We consider the quotient algebra B = A/A{e2 + 63 + • • • + en+m)^, 
where is the idempotent associated to the vertex i. Note that B is projective as 

L 

right A-module. Then the derived functor F = —®bBa '■ P (mod B) — > P (mod ^4) 
is an embedding by theorem 3.1 in [?]• Now, lemma [X?2] implies the induced functor 
F : TZb — 'R-A is also fully faithful. In particular, we have a injective Lie algebra 
homomorphism Cq{TZb) Cq{TZa)- Moreover, we can identify the simple B- 
modules with simple j4-modules via the functor F. Thus, to check the a relations 
for Cq{JZa) involve < z,j < 1, it suffices to check it in Cq{1Zb)- Note that the 
algebra B is hereditary of type Ai, we infer that Cq{TZb) <8)zC is isomorphic to the 
affine Kac- Moody algebra of type Ai by the main theorem of [18j, which implies 
relations (4) and (5) hold. 
Case 2: i,j € {1,2, • • • ,n + m}. Let B = A/ Acq A. It is easy to see that ExtA{BA, Ba) = 0. 

L 

Again by theorem 3.1 [7], we have F = — ®b Ba '■ P (mod B) — )■ P (mod j4) is an 
embedding. Note that in this case B is hereditary of Dynkin type Am+n- Thus, 
the Ringel-Hall algebra Cq{TZb) C is isomorphic to simple Lie algebra of type 
Am+n- Now the result follows from the proof of case 1. 
Case 3: i = 0,j ^ l,2,n + 1. In particular, by the definition of Lie bracket we only need 
to show that [uso,uSj] = and [uso,u-sSj] = 0. This follows from the fact that Sj 
has projective dimension 2 and the projective resolution of Sj does not involve Pq. 
Case 4: i,j G {0, 2,n + 1}. For the case z = 0, j = 2, we consider the quotient algebra 
B = A/A{e3+- ■ •+ em+n)^) which turns out to be a tilted algebra of tame hereditary 
algebra of type A2. Thus the integral Ringel-Hall algebra Cq{TIb)^z'C is isomorphic 
to the Kac-Moody algebra of type ^2- Now the result follows from the proof 
of case 1, since we still have full embeddings F : D^(mod i?) — )• V''{modA) and 
F : TZb — ^ ^A- For the case i = 0, j = n + 1, one considers the quotient algebra 

B = A/A{e2 H \-en + e„+2 H h en+m)A. 

Thus (j) is indeed a Lie algebra homomorphism. It is obviously surjective and keeps 
the gradation. Clearly, hi = {hgE)E€Q is linearly independent in {Cq{71a) (8)z C)o. By 
lemma E31 we infer that um — uy,m £ {t^QiJ^A) ^tl C)o, which is linearly independent to 
/iQ, /ii, • • • , hm+n- Thus, dimc{Cg{TlA) ®i C)o >m + n + 2. This completes the proof. □ 

Remark 5.4. Firstly, theorem \5.^ essentially give a negative answer to Slodowy's question. 
If the equality holds for g = GIM{C), i.e. dimcflo = m + n + 2, then for the derived 
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subalgebra g' = [0,0], we must have dimc0o = m + n + 1. In fact, following the proof of 
lemma [5751 one can even show that dimc{Cg{TZA) ®z C)o > (m + l)n + 1. Secondly, by 
lemma we know that ( dim M, dim M) = 4 and um € Cq{TZa)- In particular, this also 
shows that the GIM Lie algebra q has root with length greater than 2. Thirdly, one can 
easily see that the root basis of GIM{C) is braid equivalent to a root basis of affine Kac- 
Moody algebra of type Am+n- By theorem \5.2l we know that GIM[C) is never isomorphic 
to an affine Kac-Moody algebra of type Am+n, this also show that the GIM Lie algebras 
are not invariant under braid equivalent in general. 

Appendix A. Recollement lives in root categories 

In the appendix, we show that a recollement of bounded derived categories lives in the 
corresponding root categories under suitable assumption. This can be use to construct 
various algebras inductively such that the 2-periodic orbit category is not triangulated 
with the inherited triangle structure from the bounded derived category. 

A.l. Derived category of dg category. Let ^ be a small differential graded (dg) k- 
category. We identify a dg fc-algebra with a dg category with one object. Let Dif ^ be the 
dg category of right dg ^-modules. A dg ^-module P is called JC-projective if Dif ^(P, ?) 
preserves acyclicity. For any dg category B, let Z^{B) be the category with the same 
objects of A whose Hom-space is given by 

Z°(S)(X,y) = Z°{B{X,Y)), 

i.e. the 0th cocycle of dg A;-module B{X,Y). Let 'H^{B) be the category with the same 
objects of B whose Hom-space is given by 

i.e. the 0th homology of dg A;-module B{X.,Y). For the dg category Dif^, we define 
C{A) := 2:°(Dif ^) and n{A) := 7^°(Dif A morphism L in C{A) is called quasi- 

isomorphism if it induces an isomorphism in homology. Let T>{A) be the derived category 
of A, i.e. the localization of C{A) with respect to the class of quasi- isomorphism. A dg 
^-module L is called compact if T>{A){L,7) commutes with arbitrary direct sums. For 
instance, the projective ^-module AC?, A), A G A is both /C-projective and compact. Let 
per(^) be the perfect derived category of A, i.e. the smallest subcategory of VA contains 
A and stable under shift, extensions and passage to direct factors. For any subcategory 
M C V{A), let tr'\a{M) be the thick subcategory of T>{A) contains M. 

Let X be a dg ;B 0/. ^"^-module. It gives rise to a pair of adjoint dg functors 

_Tx 

D\iA Z ^ Difg. 

Assume X is /C-projective as B (8)fc ^°^-module, then (Tx,IIx) induces an adjoint pair 
triangle functors (\-Tx,R Hx) over the derived categories, where LTx is the left derived 

L 

functor of Tx. If both A and B are dg /c-algebras, we also write ? ®^ Xq for LTx- 

A. 2. The universal property of root category. Let A and B be finite-dimensional 
/c-algebras with finite global dimension. Let F : T>^{modA) — )• T>^{modB) be a standard 

L 

functor, i.e. F =? ®a Xb for some complex of ^4°^ (8)fc -B-module. Since for any triangle 
functor L : V^{modA) V''{modB), we have L o = S| o L. By the universal 
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property of dg orbit category (c/. section 9.4 in [H]), F naturally induces a triangle 
functor F : IZa -^TIb and we have the following commutative diagram 



P''(mod A) 



Ha 



V^{modB) 



7^B 



where vr^, vr^ are the canonical functors. In the following, we will study the induced functor 
F explicitly. 

We may assume aXb is /C-projective as A"^ ®k -B-module. Clearly, X has finite total 
homology. Moreover, a^b is compact as left A-module and right -B-module respectively 
due to the fact A and B have finite global dimension. Then we have the canonical iso- 

L 

morphism RHomB(^XB,?) =? ®b ^^omB{AXB,B)A- Let bYa -^b ^^om b{aX b , B) a be 
a /C-projective resolution of b ^^omB{AXBiB)A as B°^ ®k A -module. Thus, the right 

L 

adjoint G of F naturally isomorphic to ? (g)^ Y^. 

Let A and B be the dg category of bounded complexes of finitely generated projective A- 
modules and -B-modules respectively. The tensor product by X and Y define dg functors 

L L 

? ®A X : A ^ B and 1 ^bY '■ B ^ A. By abuse of notation, we denote these dg 
functors by F and G as well. Similarly, one can lift the square of the shift functors : 
P^(mod A) V\mo(i A) and S| : V\mod B) V^mod B) to dg functors T.\: A^ A 
and T.\:B^B. 

Let TZji, be the dg orbit category (c/. section 5 of [11]) of A respects to E^. Let TZb be 
the dg orbit category of B respects to S^. We have canonical dg functors 7r_4 : ^ — )• 7^^ 
and -Kb : B ^ TZq. We have natural isomorphisms o F = F o and o G = G o 
of dg functors. Thus, by the universal property of dg orbit categories, F and G induce dg 
functors F : TZ_a TIb and G : TZb — TIa- Clearly, F yields a TZb <8)fc 7^^-bimodule X^ 



Xp{B,A)^TZb{B,F{A)). 
Similarly, G induces an TZ_a ®k T^S'-bimodule Yq 



Y^{A,B)^nA{A,G{B)). 

Let LTx-p : 'D{TZa) 'F>{'R-b) be the derived tensor functor of X^. Let LTy_ : V{1Zb) 
T)[TZa) be the derived tensor functor of Yq. In the following, we identify the objects of A 
with IZa and the objects of B with TZb respectively. 

Lemma A.l. \-Tx— is left adjoint to LTy— 

F G 

Proof. Clearly, X^ is /C-projective for any A E A and LT^.^ is left adjoint to RHx-p- It 
suffices to show that LTy- ^ RHx-^. For any A ^ A, Xp{l,A) ^ 7^B(?,F(1)) which 
is compact in V{TZb)- By Lemma 6.2 (a) in [10], we have LT^t = RHx—, where X'^ is 
defined by 

X^{A,B) = D\mB{Xp{'!,A),B'') 
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Thus, it suffices to show that we have a quasi-isomorphism X-^ as TZy^ 0^ T^'q- 

bimodule. For any A ^ A and B G B, we have 

= D\fnB(F{A)^,B^) 

^ nB{F{A),B) 

- 0^(F(I),S|"5) 

^ 0RHomB(I^AXB,S|"5) 

^ 0RHomA(I,RHomB(X,S|"S)) 

~ L ~ 

Recall that we have quasi-isomorphism T^^B ®b R\^om b{X,B) — ;> RV\om b{aXb-,B) and 
A is /C-projective as right ^-module. In particular, we have a quasi-ismorphism 

RHomA(I, T?iB ®b RHomB(X,5)) ^ RHomA(I, RHomfiUXB, S)). 

Again, we also have quasi- isomorphism ®bY ^ T?^B ®b RHomB(X,5), which 

implies 

0RHomA(I,S|"5«)B y) ^ 0RHomA(I,S|^S ®b RHomsiX^B)). 
The ffi'st term 

0RHom^(I,S|"5»By) ^ 0RHom^(I,Si"(5»By)) 



^ 7^^(I,G(S)) 



Thus, we have obtained a quasi-isomorphism Yq{A,B) — > X^(74,i?), which is natural in 
both A and B. This completes the proof. □ 

The following lemma is quite obviously. 

Lemma A.2. If F : V^{mo6A) V^{mo6B) is fully faithful, then LTx-^ : ^ 
V{TZb) is fully faithful. 

Proof. It follows from the Lemma 4.2 (a) and (b) of |10j directly. □ 

Let TZa be the perfect derived category of IZ^a. Let IZb be the perfect derived category 
of TZb- In other word, TZa and TZb are the root categories of A and B respectively. Clearly, 
the triangle functors L Tx-^ and L Ty^ restrict to an adjoint pair of triangle functors 



iZA~_nB. 



LTy- 
G 



22 



CHANGJIAN FU 



For simplicity, we still denote F := LTx— : TZa T^b and G := LTy : TZb ^ TIa- 

F G 

A. 3. Recollement lives in root categories. Suppose we are given triangulated cate- 
gories V,!), V with triangle functors 

i* i\ 
V ^ V ^ V". 

I- 3* 

such that 

o (i*,i^,,r) and are adjoint triples; 

o i*-,3\-,j* are fully faithful; 
o j* o = 0; 

o any X in D, there are distinguished triangles 

m-X ^ X ^ jJ*X T.m-X XJd'X ^ X ^ iJ*X ^jifX 

where the morphisms in'X -^,X — )• j^,j*X, etc. are adjunction morphisms. 
Then we say that V admits recollement relative to T>' and V" . This notation was first 
introduced by Beilinson-Bersstein-Deligne p] in geometric setting with the idea that V 
can be viewed as bing glued together from V and D". It is not hard to show that if both 
D' and P" are Krull-Schmidt categories, so is P. Recollement in algebraic setting was 
studied extensively due to the close relation with tilting theory etc. 

Let A, B, C are finite-dimensional A;-algebras with finite global dimension. Suppose that 
the bounded derived category D*(mod B) admits a recollement relative to D^(mod A) and 
P^(modC). In particular, we have the following diagram of triangulated categories and 
triangle functors 

i* 3\ 
. . -I 

V^{moA A) > V^{mo6 B) ^ ^ V^{moA C). 

Assume further that both the functors i* and j\ are standard. Then we have the following 

Theorem A. 3. Keep the notations above. Let A, B and C he finite- dimensional k-algebras 
with finite global dimension such that the derived category P^(mod B) admits a recollement 
relative to T)^{modA) and P''(modC). Assume that the functor i* and j\ are standard. 
The root category TZb admits a recollement relative to TZa and TZc- Moreover, we have the 
following commutative diagram of recollements 

i* j< 
■ . .1 

^^(mod A) ^1—^ V^mod B) ^ ^ V^{moA C). 



7^A ■ — - 7^B — — - Uc- 

Proof. Since i* and j\ are standard, then all the functors i*,i',j*,j* are standard due to 
fact A, B, C have finite global dimension. Thus, we have the corresponding induced func- 
tors i*,it:,i-,j\,j*,j^:. The commutativity of the above diagram follows from the universal 



J* 



TTC 
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property of the root categories. It suffices to show that TZb admits a recollement relative to 
TZa and TZc together with the functors i* , j\, j* , j*- Clearly, and 
are adjoint triples follows Lemma lA.ll By Lemma \A.2\ one infers that are fully 

faithful. Since TZa is generated by 7rA{A), to show that j* o = 0, it suffices to show 
j* o i^(7r^(A)) = 0. By the commutativity of the above diagram, this result follows from 
j* o i^, = 0. It remains to show that for any X G TZb there are triangles 



in'X ^ X ^ j^j*X T^hfX, jif-X ^ X ^ iJ*X T.j[f-X. 

We prove the existence of the first triangle, the second one is similar. 

If X e irnvTB, there is y € ^'^(modi?) such that X = 7rB{Y). By the recollement of 
P^(mod B) relative to D^(mod A) and ^''(mod C), we have 

ia'-Y ^ jJ*Y T,m-Y. 

Applying the triangle functor vr^, we get a triangle in 7^^ 

TTBiin-Y) ^ ttb{Y) ^ 7TBU*j*Y) ^ S7rB(i!i'y). 

By the commutativity of the functors, we have 



m-TTBiY) ttb{Y) jd*7rB{Y) 



J^id'-TTBiY). 

Td^jJ-KBiY) 



Clearly, this triangle is isomorphic to 

i^J^TTBiY) ^ TTBiY) ^ 1:FtTb{Y) 

where r]x,£x are adjunction morphisms, which implies the later one is a distinguished 
triangle. 

Consider the triangle X — > y — )• Z — > TiX, where X, y G irnvrs. Consider the following 
commutative square 



hi'-X 



Vx 



j*j*Y 



VY 



X 



Y 



By nine lemma, one can embed the square to the following commutative diagram of trian- 
gles 



_-r Vx 



hi-X 



j*j*f 



in-Y- 



H9i 



i\Uz 



X 



Y 



ex 



j*j*Y 

■T*Vz 



Let (f){u) : Uz i'Z he the morphism corresponds to u under the natural isomorphism. 
Let (j){v) : j*Z ^ Vz be the morphism corresponds to v. It is clear that (p{u) and cplv) are 
isomorphisms. Thus, one gets the following commutative diagram 



uUz 



Z 



■3*Vz 



muz 
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where 6 = j*(t){v) ow o J]i\(p{u). Thus, one informs that 



i\i-Z — > Z — > j*j*Z —7- Tiid Z 

is a distinguished triangle. Now this holds for any Z ^TZb by 'devissage'. □ 

Corollary A. 4. Keep the assumptions in theorem \A.^ . If the canonical functor ttb is 
dense, then both tta o-nd ttc are dense. 

Proof. For any X G TZa, consider i^X G TZb- By the dense of ttb, there is a y G 'D''(mod B) 
such that TTBiY) = i^^X. For Y , one have the canonical triangle i\vY Y ^ j*j*Y — 
Applying the functor vr^, we have 

7rBii\i-Y) TTBiY) TTB{j*fY) 

which have to isomorphic to the canonical triangle 

iij}{nX) ^ X . 

One gets X = 7rA{i'Y). In particular, tta is dense. Similar proof implies that ttc is also 
dense. □ 

Remark A. 5. If only one ofi* and j\ is standard, say i* is standard. Then lemma {A.l\A.S\ 

and a result of [16j imply that there is a recollement 



T^A — T^B ^ TZb/i^TIa- 



The corollary \A. 4 also holds in this case (one should replace the functor ttc). 



The following is now quite obviously. 

Corollary A. 6. Let A and B he finite- dimensional k-algebras with finite global dimension. 
Assume the root category TZa is not triangulated with the inherited triangle structure. For 
any finite dimensional A (8>fc B°^ -module M , the root category of the triangular extension 
of A and B by M is not triangulated with the inherited triangle structure. 
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